We have analyzed the mechanical properties of surfactant loaded tensionless balanced liquid/liquid interfaces using self-consistent field theory implementing a coarse grained model. Such a tensionless state, as occurring in microemulsions, signals a first-order interfacial phase transition. Consequently, the interfacial area is set by the amount of surfactant in the system. Near the bulk critical point, such systems suffer an interfacial, so-called superflexibility (SF) critical point as soon as the tensionless state ceases to exist. This happens when the width of the L/L interface becomes comparable to the surfactant size. The bending rigidities vanish upon approaching the SF-point as a power-law. Exclusively near the SF-point, the saddle splay modulus is positive featuring the sponge phase to be its main characteristic.
Microemulsions are thermodynamically stable systems of oil, water, and suitable surfactants [1] [2] [3] . Depending on the amount they are often found as either droplet of oil in water or water in oil. However, in the presence of comparable amount of oil and water and at high surfactant coverage the interfacial tension between the oil and water becomes ultra-low, ideally tensionless. If such a system is balanced by adding co-solvents, there is no significant tendency of the interface to curve in a preferred direction. Then a lamellar phase with a huge internal interface is formed wherein oil and water layers alternate and the surfactant is predominantly at the (tensionless) interfaces between these domains [4] . Bicontinuous microemulsions, wherein both oil and water domains are fused due to the presence of handles and holes, are known to exist in these systems and are referred to as microemulsion sponge phases. The middle phase of a Winsor III system has similar features [5] [6] [7] [8] .
In a recent paper [9] we have used the self-consistent field theory and implemented a united atom model for microemulsion featuring two complementary solvents A n , B n and a symmetric copolymer A N B N . In this system there is just one interaction parameter χ ≡ χ AB ∝ 1/T (χ > 0 implies repulsion). In the absence of the copolymer, this Van der Waals like system has a critical point with critical volume fraction ϕ cr = 0.5, and critical interaction parameter χ cr = 2/n. With the addition of surfactants to the system with a A n /B n interface, adsorption occurs and the interfacial tension decreases. The area remains microscopic as long as the tension is positive: γ > 0. Due to the symmetry, droplet phases are suppressed and the tension vanishes at a given amount of adsorbed surfactants. Then the system suffers a first order phase transition as the area between oil and water grows jump-like to macroscopic values (is simply proportional to the amount of surfactants in the system). Such extensive interface is characteristic for the microemulsion middle phase, the lamellar phase or the sponge phase.
Physics of such tensionless interfaces is dictated by the spontaneous curvature and the bending rigidities. Using the model of symmetric (i.e. spontaneous curvature J 0 = 0) tensionless interfaces, we were able to unambiguously evaluate the bending rigidities of isolated interfaces in high precision [9] . These moduli feature in a Taylor series expansion of the interfacial tension γ in the mean J = 1/R 1 + 1/R 2 and Gaussian curvatures K = 1/R 1 · 1/R 2 known as the Helfrich equation:
2 +κK. The mean moduli, κ and Gaussian or saddle splay moduli,κ control the shape fluctuations and the topology, respectively, of the interfaces. Consistent with expectations, the κ was found to be positive. We reported a sign switch ofκ from negative when χ ≫ χ cr to positive when ∆χ = χ−χ cr was reduced. The negativeκ was suggested to be coupled to the lamellar microemulsion phase, while the positive value pointed to the stability of the sponge phase, or the bicontinuous microemulsion phases in general.
In the absence of surfactant the model reduces to the L/L interface that allows analytical evaluation of its properties near the bulk critical point. It is well known that the interfacial tension vanishes as a powerlaw with coefficient 3/2, i.e., γ ∝ ∆χ 3/2 . The density difference between the two phases vanishes with a coefficient 1/2, while the width of the interface diverges as the coefficient is −1/2 [10] [11] [12] [13] . In addition, both analytical theory and numerical SCF [14] revealed that −κ andκ vanish with (van der Waals) coefficient 1/2. The ratio
In this letter, we report on the behavior of the rigidity parameters of the tensionless balanced interfaces upon the approach of χ → χ cr = 2/n focusing on the limit N > n where most surfactants adsorb at the interfaces. It was found that it is only possible to reach the tensionless state for sufficiently high values of χ ≥ χ s > χ cr . As the interfacial tension is the first derivative of the free energy, i.e. γ = ∂F/∂A s , the value of γ = 0 signals a phase transition, which according to the Ehrenfest nomenclature is of the first-order type [15] . When χ is our control parameter, we can construct a phase diagram, e.g. by plotting the adsorbed amount of surfactant to reach the tensionless state as a function of the tuning parameter χ. In this phase diagram a line of first order phase transitions stops at a critical point χ = χ s , which in itself is a second order phase transition. In this work, we identify such a generic critical point. Importantly, we show scaling behavior of the rigidities towards this critical point and therefore coin this critical point as superflexibility (SF) critical point (also to avoid confusion with the bulk critical point). We argue below that the sponge phase is a manifestation of the SF-criticality.
To model bicontinuous phases of microemulsion, a random description of interface was used in earlier theoretical works [16, 17] . Talmon-Prager model divides the spatial-volume using Voronoi tessellation and creates random interface by filling the space with either oil or water [16] . Later this model was improved to explicitly account for amphiphilic surfactants and interfacial curvature energy. Though several theoretical works report to have successfully modeled middle-phase/sponge phase microemulsions, the rigidities used in these models deviated from our predictions and therefore none of the theories were able to consider the critical behavior of microemulsion systems. In contrast, several experiments attempted to understand the critical behavior of microemulsion systems. Dynamic light scattering experiment proved that the phase transition near the cloudpoint temperature features characteristics of a critical phenomenon [18] . Critical end points for microemulsion phase in equilibrium with aqueous phase and organic phase were reported [19] . Armed with our new insights about the origin of the SF-critical point, we are convinced that deeper insights in the nature of microemulsions is within reach.
Our results are generated using the self-consistent field theory of Scheutjens and Fleer (SCF-SF) and we employed the same molecular model (mentioned above) as in our previous work. The focus is therefore not on the methodology but rather to the critical behavior upon approach towards the newly identified SF critical point. However, here we will briefly mention the characteristics of the SF-SCF framework. Upon the implementation of the mean field approximation it becomes possible to write a closed expression for the mean field free energy (typically given in dimensionless units) for a molecularly inhomogeneous system [20] [21] [22] [23] [24] [25] [26] . This free energy F is found [25] in terms of volume fraction ϕ x (r) and complementary segment potential u x (r) profiles for segment types x = A, B. Lagrange parameters α(r) are introduced to implement the incompressibility of the system:
The system partition function which can be decomposed into single chain partition functions q i for molecule com-
The molecular partition function q i can be computed in freely jointed chain (FJC) approximation from the (known) segment potentials [u x (r)], and n i is the number of molecules of type i in the system. We use the Bragg Williams approximation, similarly as in regular solution theory, to find the interaction free energy
wherein L(r) is the number of sites at coordinate r. The superindex b refers to the quantity in the bulk solution (which exists far from the interface). SCF solutions now involves optimizing the free energy (F ) with respect to its variables, respectively segment potentials, volume fractions and Lagrange field. When ∂F/∂ϕ x (r) = 0, we find that the potentials must obey u x (r) = α(r) + ∂F int /∂ϕ x (r). Setting ∂F/∂u x (r) = 0 shows the way to evaluate the densities: L(r)ϕ x (r) = −∂ ln Q/∂u x (r). The propagator formalism, which can be shown to do the same, is the preferred way to find these densities. Finally, ∂F/∂α(r) = 0 says that the optimisation should obey the compressibility x ϕ x (r) = 1.
Numerical solutions that obey these requirements have the property that the potentials both determine and follow from the volume fractions profiles and similarly the volume fractions determine and follow from segment potentials, are known to be self-consistent. Besides structure of the interfaces (density distributions) we can evaluate the thermodynamic quantities. Importantly there is a closed equation for the grand potential density
and the overall grand potential is found from Ω = r L(r)ω(r). For the planar interface, the interfacial tension is found from γ = Ω/A s = z ω(z) with A s is the area of the L/L interface and z the coordinate across the planar interface. As can be seen in Fig. 1 , with increasing loading of surfactant at the interface the system can reach the tensionless state γ = 0. For the tensionless interface the bulk volume fractions of the three components are in their ground state values (indicated by the 
We have found that for the spherical droplets of A n in an excess solvent B n (or the reverse) can, by adding surfactants A N B N , reach the situation that the Laplace pressure vanishes, ∆P Laplace = −ω(0) = 0 (where r = 0 is at the center of the inner phase), and then all chemical potentials of the molecules are in the ground state value. At that point the curvature energy of the droplet Ω = 4π(2κ +κ), irrespective the radius of the droplet. This scale invariant feature is also found for (a unit cell of) the Im3m cubic phase. Upon addition of the surfactant, one can reach the situation that the chemical potentials take the ground state value (at equal amount of A n and B n ). The curvature energy per unit cell is then given by Ω = (1 − g)4πκ, wherein genus g = 3 for the Im3m unit cell [27, 28] . Finally, we found that when the interface assumes a torus with major radius r 1 and minor radius r 2 , such that the ratio r 1 /r 2 = √ 2, the system can once again reach the state of vanishing Laplace pressure upon addition of the surfactant. Again the chemical potentials relax to the ground state value and the curvature energy is scale invariant Ω = 4π 2 κ [29, 30] . The bending rigidities that are found from this procedure are consistent with each other and in addition the Gaussian bending rigidity was shown to follow fromκ = z (z − z 0 ) 2 ω(z) of the planar tensionless interface, where z 0 is the symmetry point of the interface. The protocol is available at Ref. [31] In Fig. 1 , results for the interfacial tension as a function of surfactant coverage is shown for the planar (symmetric) interface. Curves for χ > χ s ≈ 0.52 (for n = 4, N = 20) the tensionless state is possible, and equilibrium points for which an extensive amount of freely dispersed L/L interfaces are possible also requires ∂γ/∂A s > 0 (area compressibility K A > 0). We observe that as we approach towards the bulk critical point (yellow line to blue
cr , that is when χ < χ s addition of surfactants will no longer lead to the tensionless planar interfaces and the system cannot maintain an extensive L/L interface any longer. Therefore χ s signals an interfacial critical point in this system. In fig. 2 we present results for both moduli as a function of χ − χ s whereκ and κ are positive (right ordinate), in combination with the width of the interface W (left ordinate). Going from high to low χ, as predicted by the van der Waals theory, in the region 10 −3 < χ − χ s < 10 −2 , the interfacial width increases
, the density difference decreases (not shown) with coefficient 1/2 and importantly bothκ as well as κ show scaling dependences ∆χ 1/2 ≈ (χ − χ s ) 1/2 similarly as in the van der Waals interface. Interestingly, below χ − χ s < 10 −3 the density difference (not shown) saturates. Moreover, the growth of the width of the interface also saturates (in these coordinates) at a value for W that is comparable to the length of the surfactant. The moduli go through a local minimum and a weak maximum before they continue to decrease as a power-law with a new coefficient of unity: κ ∼ κ ∝ (χ − χ s ) 1 . Importantly, at χ = χ s the bending rigidities vanish, and therefore we refer to this critical point as the superflexibility (SF) critical point. Consistently, the ratio κ/κ ≈ 2 similarly as for the pure L/L interface. This ratio changes dramatically (not shown) whenκ switches sign at higher χ than used in fig. 2 . It is suggested above that there exists a critical width W * of the interface at the critical point, which is correlated to the extended length of the surfactant. Hence, W * ∝ N . In this regime we expect the width to obey the van der Waals scaling W ∝ ∆χ −1/2 . Combining this information points to χ s − χ cr ∝ N −2 . Hence, the distance between the bulk critical point and the SF-critical point decreases sharply with increasing surfactant length. As shown in the supplementary information [33] we found the numerical results follow this prediction closely. We therefore positively identify the reason why the system suffers the SF-critical point: upon approach towards the bulk critical point the interface widens. As long as the interfacial width is small compared to the block lengths of the surfactant, the molecule can orient itself in the interface and adsorb effectively so that the tensionless state can be found. However, upon an increase of the width the surfactant is no longer able to identify the interface, it can no longer adsorb to such an amount that the tension vanishes. The extensive area can no longer exist, and the microemulsion phase is gone. These features are generic.
Typically in microemulsion systems very short surfactants are used to generate bicontinuous emulsion [5, 13] . From the above it is clear why this is a good idea. For such a system the SF-point occurs far from the bulk critical point [33] . This means that it is not necessary to add too much of a co-solvent to reduce the difference between the solvents (or increase T ) and still come in the critical zone where a sponge phase is possible.
The following (generic) scenario for the rigidities presents itself: (i) Far from the critical point κ is high and positive andκ is negative. This implies that the lamellar phase is the expected topology. Repulsive undulation forces (increasing with decreasing κ) versus attractive Van der Waals forces will set the capabilities of this lamellar phase to swell (pick up water and/or oil).
(ii) Upon approach to the bulk critical point (this can be done by adding co-solvents, or by increasing the temperature -implying a decrease in χ-), the value of κ decreases, but remains positive. The lamellar phase is expected to swell due to the increased Helfrich repulsion. At some point theκ switches sign and becomes positive. From hereon we might expect bicontinuous phases to occur. There are good reasons to believe thatκ by itself is depending on the surfactant concentration (for SCF results that support this idea, see supplementary information [33] ) and that the value will be less positive or more negative upon an increase in interactions between the interfaces. Hence the lamellar phase might be stabilized at high surfactant concentrations, i.e., when the interfaces are near to each other, and the bicontinuous emulsions are expected preferentially at larger distances between the interfaces. (iii) Upon approach towards the SF critical point firstκ becomes of order κ and after that both values decrease towards zero. Hence, the interfaces become highly flexible while it has a tendency to form handles and holes. These feature are known for a sponge phase, which is expected to exist upto the SF critical point, albeit that the energy gain for making handles and holes is gradually lost. Near the SF-critical point the interfaces should strongly fluctuate and the characteristic distance between the handles should be related to the interface persistence length l p . The latter decreases with decreasing value of κ (l p ∝ exp κ), and therefore the sponge phase is expected to occur at higher surfactant concentrations when the SF point is approached.
It is known that for weak surfactants (short non-ionics) the one-phase microemulsion system is typically bicontinuous, that is, sponge-like [13] . Upon approach to the critical point the microemsulsion phase shifts to higher surfactant concentrations [34] [35] [36] . For stronger surfactants (longer non-ionics), the lamellar phase L α gradually becomes more pronounced. L α first appears at low temperatures and high surfactant concentrations. At some higher temperature the lamellar phase swells and takes up most of the microemulsion phase volume, leaving only room for the sponge phase at rather thin slap in the microemulsion phase volume, namely at relatively low surfactant concentrations and relatively high temperatures [37] . These trends coincide qualitatively with our predictions. The larger (stronger) surfactants have (for given T ) lower (or more negative) values forκ [9] , while shorter (weaker) surfactants are, for given T , closer to the SFpoint and therefore are more likely to support the sponge phase.
We conclude that the phenomenology reported in balanced microemulsion phase diagrams and the dependences predicted for the bending rigidities match qualitatively [13, 34] . Hence, the current predictions for the interfacial rigidities near critical regime will be instrumental to develop more quantitative models that requires κ,κ as inputs to explain the phase behavior of these microemulsion systems [16, 38] . Such quantitative models will add credibility to the idea that the bicontinuous sponge phase is the most prominent marker for the SF-critical point. The experimental observation that the sponge phase is turbid [6] is consistent with the system being near critical.
The mechanical properties of interfaces show critical scaling dependences upon approach of a critical point. The scaling exponent, however, depends on the peculiarities of the critical point. When the interface vanishes (there is a bulk critical point) we find a twice smaller value for the exponent than for the case that the interface suffers a SF point. Unlike when the bulk becomes critical, upon approach of the the SF-point the interfacial width, the density difference and the adsorbed amount of surfactant converge to a specific value. In this sense the SF-critical point has several constraints and this may in part rationalize the change in exponents. Meanwhile it is understood that the reported values of the exponents are of the mean field type and that these are subject to change for real systems.
Theoretical estimates for bending rigidities of inter-faces are typically based on having additive contributions of various types, e.g. due to 'brushes' or 'electric double layers' etcetera [39, 40] . Arguably these approaches work far from the critical point. In Fig.[1] , we show the dependence of the superflexibility critical point as function of surfactant chain length, N for different values of bulk chain length, n. It can be observed that as the surfactant chain length is larger, the difference between the bulk critical point and superflexibility point is getting progressively smaller. Earlier experiments and theoretical works failed to observe this phenomena as the surfactant length scales used are comparatively larger. However, when the surfactant length scales are smaller the superflexibility point is observed much earlier. Results presented show a power law dependence of −2. There is a slight deviation in the power law scaling when the surfactant chain length becomes smaller than the solvent chain length. This effect is not analyzed in this letter and will be one of our future interest. The Gaussian bending modulus is found from the second moment of the grand potential density profilē κ = z (z − z 0 ) 2 ω(z) in a lamellar phase. Usually the upper and lower boundary of the summation does not matter because the interfaces are far apart. However, when the interfaces are in close proximity, that is when the amount of oil (A n ) and water (B n ) is limited, the interfaces interact and the Gaussian bending rigidities are affected. As long asκ is much larger or much smaller than zero, the changes due to the interface interaction are not important, however when the value is close to zero, the interaction induced changes in the Gaussian bending rigidity are relevant. In fig. 2 The interpretation of the sign switch of the Gaussian bending modulus is clear. One can control the distance between the interfaces in a microemulsion by the composition. The total area of L/L interface is set by the amount of surfactant (at given amounts of the solvent). The larger is the surfactant concentration the stronger the interfaces interact and vice versa. Hence the SCF theory suggests that in the proximity of the sign switch ofκ one can induce a transition of L α to L 3 by decreasing the surfactant concentration and vice versa.
In fig. 2 the concentration dependence of the Gaussian bending rigidity is given as found by the mean field theory. In the mean field theory the interfaces are parallel and do not feature lateral protrusions. We therefore understand that in practice the concentration dependence of the Gaussian bending modulus is modulated by the fluctuations of the interface. One can use, e.g., an independent interface piece approximation [1] , to find a more realistic concentration dependence of the Gaussian bending rigidity.
